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Longitudinal Heat Dispersion in Porous Beds with
Real-Gas Flow
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The forced convective flow of a slightly superheated vapor through a packed bed is analyzed numerically for
low-to-moderate pressure range by implementing real-gas and ideal-gas models. The porous bed was taken to
be composed of uniformly sized, randomly packed spherical particles. The flow of the gas through the packed
bed was limited to the range of applicability of the Ergun-Forchheimer relation. The significance of longitudinal
thermal dispersion was examined by alternately implementing and omitting this aspect which was incorporated
in the effective thermal conductivity of the vapor phase. The use of a real-gas model at elevated pressures was
found to be an important aspect for accurate results. The longitudinal thermal dispersion effects were found to
have minor significance at high Reynolds numbers. The use of separate energy equations for the solid and vapor
phases was observed to be justified by the studies performed.

Nomenclature
asr = specific surface area of the bed particles, m2/m3

cp = specific heat at constant pressure, J/kg-K
dp = particle diameter, m
F = geometric factor defined in Eq. (8)
hsr = fluid-to-particle heat transfer coefficient, W/m2-K
K = permeability, m2

k = thermal conductivity, W/m-K
L = length of the packed bed, m
P = pressure, N/m2

Pr = Prandtl number, jjicp/k
R = gas constant for Refrigerant-11, J/kg-K
Rep = particle Reynolds number, updp/im
T = temperature, K
t = time, s
u = velocity component in x direction, m/s
Z = compressibility factor
e = porosity
IJL = absolute viscosity, kg/m-s
p = density, kg/m3

{ ) = local volume average of a quantity

Subscripts
ax = longitudinal
d = dispersion
eff = effective
s = solid
seff = effective property for solid
v = vapor
veff = effective property for vapor
0 = initial

Superscripts
s = solid
i' = vapor
0 = stagnant
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I. Introduction

A CCURATE simulation of the heat and mass transport
phenomena in packed beds has been an important aspect

in the process design of packed bed reactors and other ap-
plications such as energy storage systems. In achieving this,
all aspects of flow and transport phenomena have to be ac-
counted for. In this regard, the flow in porous media brings
the consideration of thermal dispersion into attention. In a
porous medium, a fluid flows in tortuous paths recirculating
at the back of the particles. This phenomenon of fluid mixing
(recirculation or dispersion) results in both a pressure drop
across the medium and a net increase in energy transport.
The effect of this thermal dispersion has been formulated by
establishing empirical correlations for the effective thermal
conductivity which accounts for the thermal dispersion effects.

A literature survey reveals that extensive attention has been
given to studies on the determination of the radial and axial
effective thermal conductivities in cylindrical packed beds,
the former receiving the majority of earlier attention. Inves-
tigations by Yagi and Kunii ,1 2 Yagi et al.,3 and Gunn and
De Souza,4 report experiments on measurement of these
quantities, whereas, investigations by Hunt and Tien5 provide
some insight on the physics of the dispersion phenomenon.
In establishing the effective thermal conductivity accounting
for the thermal dispersion effects, the same methodology of
splitting it into stagnant and dispersion components has been
the basis in different investigations. This method assumes that
the effective thermal conductivity, axial (longitudinal) or ra-
dial, consists of the effective thermal conductivity at stagnant
state plus that when the fluid moves through the packed bed.
In the correlations established in this way for the axial and
radial directions the stagnant component is expressed in terms
of the phase fractions and the individual thermal conductiv-
ities of the phases, whereas, the dispersion component is sim-
ply expressed as a factor of (RepPr).

It should be mentioned that to our knowledge the inves-
tigations performed to date for establishing these correlations
experimentally, assume that the local temperature difference
between the solid and fluid phases is negligible, i.e., there is
local thermal equilibrium (LTE) between the two phases.
Therefore, the established effective thermal conductivity re-
fers to the packed bed system with the working fluid. The
LTE certainly is not a necessary assumption, and actually
becomes a poor assumption in forced convective flows. Since
ETE assumption results in a single energy equation, the ef-
fective thermal conductivity in the aforementioned investi-
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gallons is associated with the temperature gradient of the
system of packed bed with the working fluid. It is, however,
possible to use separate energy equations for the solid phase
and the working fluid and still make use of the existing cor-
relations that were established by using the assumption of
LTE in a systematic way. The fact that the solid phase is fixed
within the packed bed, and that dispersion part of the effective
thermal conductivity can be attributed to the fluid phase,
forms the basis of this approach. Accomplishing the dem-
onstration of this point is one of the major objectives of the
present work and will be elaborated in the following section.
The effect of considering the axial thermal dispersion effects
will be explored for flows with relatively high speed compared
to Darcy flows.

Another objective of the present investigation is to quali-
tatively show the difference between utilization of real- and
ideal-gas models for a typical working fluid in a slightly su-
perheated state. At such a state the vapor is close to a sat-
uration state where the real-gas effects would be expected to
be more pronounced than in the case of highly superheated
states. These effects are expected to be magnified at elevated
pressures. The authors6-7 have analyzed the transport phe-
nomena in compressible and condensing flows through packed
beds by modeling the working fluid as an ideal gas. By the
rigorous models established in these investigations, the qual-
itative behavior of the field variables was clearly demon-
strated. Certain characteristics of compressible flows through
porous media and factors affecting the two-dimensionality of
the problem and the validity of the LTE assumption were
also reported. The present study concentrates on the working
fluid being modeled as a real gas; exploring the qualitative
differences between ideal- and real-gas models and the effect
of axial (or longitudinal) thermal dispersion on the bulk en-
ergy transport in forced convective flows in packed beds.

II. Mathematical Formulation
The physical problem considered is the one-dimensional

forced convective flow of slightly superheated Refrigerant-
ll(R-ll) through a packed bed of finite length, namely 20
cm. It should be noted that the results presented here rep-
resent the behavior of most real gases. The packed bed is
assumed to be formed by spherical particles of uniform di-
ameter. Figure 1 depicts the schematic diagram of the prob-
lem. Initially, working fluid at uniform pressure and in local
thermal equilibrium with the bed particles is assumed to be
present within the packed bed. Superheated vapor 50 K above
the initial bed temperature and at a higher pressure is allowed
to flow through the bed. Since the packed bed can be cylin-
drical or a rectangular one, the term "longitudinal" will be
used instead of "axial."

The problem has been formulated by the authors6'8 using
the "local volume averaging" technique with implementation
of an ideal-gas model for the working fluid. Here, an exten-
sion is made by modeling the working fluid as a real gas. This
is accomplished by the use of Z, in the equation of state. The
volume-averaged governing equations are as follows:

Hot vapor in Vapor out

(2)

dt

_
~ veff

- e)pscPs

a<rj°
dx

(3)

(4)

(5)

where Z is the compressibility factor for Refrigerant-11 and
has been correlated for the temperature and pressure ranges
of the present study, namely 290-420 K and 90-750 kPa
respectively, in terms of the reduced temperature Tr and re-
duced pressure Pr as

Z(Tr, Pr) = 1.19465947 - 0.827278627, + 0.70035598T?

- 0.68865164P, 4- 0.54981776P? (6)

Equations (1-5) represent the vapor phase continuity equa-
tion, vapor phase momentum equation, vapor phase energy
equation, solid phase energy equation, and vapor phase equa-
tion of state, respectively. The five field variables computed
from these equations are (pv)v, (uv), (T^v, (Ts)s, and (Pv)v,
respectively. It should be noted that our results represent the
main qualitative features for flow of gases through a packed
bed.

Based on the Ergun-Forchheimer relation, the permeability
of the packed bed Kv and the geometric function F in Eq. (2)
can be obtained from investigations reported by Ergun9 and
Vafai10 in the form

Kv = - e)2]

F = (1.75A

(7)

(8)

whereas, the specific surface area of the particles in the packed
bed can be modeled as"

aa = [6(1 - e)ldp] (9)

Determination of the fiuid-to-particle heat transfer coefficient
hsv has received extensive attention by many researchers, and
depending on the range of particle Reynolds number and
Prandtl number of the fluid of application as well as the shape
and size of the particles of the bed, specific correlations can
be found in the literature. Some of the most up-to-date lit-
erature reviews on hsv have been reported by Wakao et al.12'13

Based on the average of a wide range of experimental find-
ings, the corrected correlation for the Nusselt number Nu,
considering thermal dispersion, is given by13

Nu = 2 + l.!Prl/3Re°n (10)

and has been used in the present investigation. For stagnant
condition, the effective conductivities can be expressed as

- e)ks

(11)

Fig. 1 Schematic diagram of the problem.

For the case with fluid motion, and hence, dispersion, we first
consider the single-phase energy equation approach, i.e., LTE
assumption. For this case, the effective longitudinal thermal
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conductivity is

where k(^f is the stagnant conductivity and kd is the dispersion
conductivity. Here, the dispersion phenomenon has been
modeled as a diffusive phenomenon as has been done by
previous investigators.5 Although the correlations for kd re-
ported by different investigators show considerable variation,
it is widely accepted that the contribution of fluid mixing to
the effective longitudinal thermal conductivity is a factor of
dpup,,cpii, and for a wide range of Rep for the evaluation of
(/ccf,X,_v the following relation is recommended13

where, from Eq. (11) k(^{ = skr + (1 - e)ks and a com-
parison of Eq. (13) with Eq. (12) reveals the fact that the
d i f fe rence between ( & e f f ) u v and & ( j f f is equal to kd =
0.5(Prl)(Rer)kv, which represents the contribution of fluid
mixing (dispersion) to the transfer of heat in the longitudinal
direction. Therefore, although a relation of the type given in
Eq. (12) is based on the single-phase approach, it is very
reasonable to associate kd to the temperature gradient of the
fluid phase, and &"eff and &(

s?cff (which constitute A^ff) to the
temperature gradient of the fluid phase and solid phase, re-
spectively. Thus, for cases with fluid motion in the packed
bed, the effective thermal conductivities with longitudinal
thermal dispersion effects have been modeled as

kvc{{ = ekv + Q.5(PrJ(Rep)kv

- e)ks/cseff -
(14)

For completeness of the mathematical model, one needs to
specify the porosity of the packed bed and the particle di-
ameter. The latter is taken to be 2 mm for practical purposes,
whereas, the former is taken to be 0.39 based on the average
value determined by experimental findings.14 Also, the var-
iation of the thermophysical properties with temperature was
neglected and the following values were used in the numerical
simulations.

Refrigerant-11 (vapor phase) 1% Carbon-steel (solid phase)

cp = 608 J/kg-K Cp = 473 J/kg-K
k = 0.00955 W/m-K k = 43 W/m-K
M = 11.95 x 10 6 kg/m-s p = 7800 kg/m3

R = 60.51827 J/kg-K

The initial conditions for the problem were

/>„(*, / = 0) = Pl}

T,,(x, t = Q) = Ts(x, t = 0) = T() (15)

ur(x, t = 0) = 0

whereas, the value of p;, was computed from Eq. (5). The
boundary conditions used were

Pv(x = 0, 0 = Pvin

Pr(x = L, 0 = P()

Tr(x = 0, t) = 7vin

(16)

while again Eq. (5) yields the value of pr for the inlet and
exit of the packed bed.

III. Method of Solution
The intercoupled nature of Eqs. (1-5) does not allow for

a closed-form analytical solution. Therefore, these equations
were solved by using an explicit scheme finite-difference
method. Euler forward-differencing was used in approximat-
ing the temporal derivative terms. Central differencing was
employed in approximating the spatial derivative terms for

the inner grid points, except in the convective terms of the
vapor phase continuity and energy equations for which first
order upwind differencing was implemented. Another excep-
tion was the use of forward-differencing in approximating the
pressure gradient term in the vapor phase momentum equa-
tion. These provisions were made to insure the stability and
accuracy of the numerical scheme. For the spatial derivative
terms for the left and right boundary grid points, forward and
backward differencing were respectively employed. Due to
this, no boundary conditions were required for variable Ts
since it could be directly computed from Eq. (4).

The solution was obtained by choosing a proper combi-
nation of grid size A;t, and time step Ar. Accuracy of the
solution was improved by systematically decreasing AJC and
choosing a Af which yielded convergent solution. The solu-
tions obtained by using 41 grid points were basically the same
within 2% as those obtained by using 81 grid points. There-
fore, case studies were carried out by using 41 grid points for
CPU economy. For the ideal-gas model version of the nu-
merical code used in the present work, two bench marks were
reported by the authors6 for two simplified cases of flow and
energy transport in porous media. The solutions were in very
good agreement with the analytical solutions for those sim-
plified cases.

IV. Results and Discussions
As stated earlier, the present study concentrated on qual-

itatively showing the significance of longitudinal thermal dis-
persion effects on forced convective flows as well as the real-
gas effects for a typical working fluid at low-to-moderate
pressures. Since the thermal dispersion effects have been
modeled as a function of Rep and the Prandtl number of the
working fluid, case studies were performed for a range of
particle Reynolds numbers. Variation within the gaseous Prandtl
numbers is small, and therefore, the results obtained in the
present investigation will provide general qualitative features
for the flow of gases through a porous bed. Different Reynolds
numbers were obtained by applying different inlet pressures
while keeping the initial pressure (i.e., the exit pressure) the
same. In order to examine the real-gas effects we performed
case studies at different pressure levels. Starting with a low
100 kPa for the initial pressure, cases with initial pressures of
200 and 700 kPa were also carried out. In order to make sure
that R-ll was always in a superheated state, the initial and
inlet vapor temperatures of 320 and 370 K were used respec-
tively for the case with 200-kPa initial pressure, and 370 and
420 K for the case with 700 kPa initial pressure, i.e., 50-K
difference was always maintained between the inlet and initial
vapor temperatures. One final point that has been accom-
plished in the present study is the justification of the use of
the two-energy equation model for accurate temperature sim-
ulation in the two phases.

It will help to first look at the variation of the field variables
during a typical thermal charging process of the packed bed.
For a detailed discussion the reader may refer to previous
works6-7 where results for ideal-gas flow without thermal dis-
persion effects were presented in detail. Figure 2 depicts the
variation of the five field variables with time and space. These
results are for the case with P() - 100 kPa, Tl} = 300 K, Tvin
= 350 K and Pvin = 112 kPa which resulted in a nominal Rep
of 1570. The vapor density in this figure was nondimension-
alized with respect to an average density value computed by
using the averages of the inlet and initial temperatures and
pressures of the working fluid. In a similar manner, the vapor
velocity was nondirnensionalized with respect to a nominal
velocity value computed from Eq. (2) by using the average
density and the overall applied pressure gradient. As may be
seen from the figure, the difference between the solid and
fluid phase temperatures can be quite significant even after
the two become almost the same at the inlet of the packed
bed. Therefore, use of separate energy equations for the solid
and vapor phases becomes necessary for accurate solutions.
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Fig. 2 Variation of different field variables during thermal charging of the packed bed.

Three different models were used in order to accomplish
the objectives of this study. In the first of these models, model
I, R-ll was modeled as a real gas and thermal dispersion
effects were implemented [using Eq. (14)]. In model II,
R-ll was modeled as an ideal gas [by using Z = 1 in Eq. (5)]
and thermal dispersion effects were implemented as in model
I. In model III, R-ll was modeled as a real gas but thermal
dispersion effects were not implemented [Eq. (11) was used
rather than Eq. (14)]. In order to perform systematic com-
parisons, the eighth grid point downstream of the packed bed
inlet (i.e., 4 cm into the packed bed) was considered as the
reference point.

The comparisons were performed as follows: for each nom-
inal Rep, the numerical code for model I was run until the
time at which the temperature of the vapor phase at the ref-
erence point reached 25 K above the initial temperature. Sub-
sequently, the numerical codes for models II and III were run
for exactly the same amount of real time for the same initial
and boundary conditions. The vapor temperatures obtained
by the three models for the reference point were then com-
pared. Taking the temperature obtained by model I as basis,
comparisons with the values obtained by the other two models
were made. These comparisons are depicted in Figs. 3 and 4
as relative differences. The relative difference between the
temperature computed by model II or III and model I was
found from

aoo

difference = I I modeII I model:

T;,(JC = 0, 0 - Tv(x, t = 0)
100% (17)

where the denominator represents the difference between the
initial and inlet vapor temperatures with respect to which the
relative difference is computed, and numerically has the same
value for all the cases regardless of the pressure level, and X
stands for model II or III. Figure 3 gives the comparison
between models I and III, and therefore, depicts the signif-
icance of the longitudinal thermal dispersion effects. Al-
though a very clear trend of increase in dispersion effects with
Reynolds number can be observed from this figure, the rel-
ative difference values in temperature show that these effects
have a very minor influence. As a matter of fact, in previous

cd
CU

CD

03
C

'a
o

200

0.23% 0.27% 0.28%

0.23%

0.16% 0.23%

0.27%

0.27%

0.28%

0.28%

0 300 600 900 1200 1500 1800

particle Reynolds number
Fig. 3 Comparison of the results of model I vs model III.

investigations with incompressible working fluid, Vortmeyer15

reported that only at Rep of less than 50 would longitudinal
dispersion effects cause any appreciable effects. Gunn and
De Souza4 also reported that thermal dispersion becomes
dominant at Rep of less than one.

Figure 4 shows a similar comparison between the solutions
of models I and II. It should be noted that the particle Rey-
nolds number is based on the nominal value for model I.
Since the same temperature and pressure boundary conditions
were used in each model, the nominal Rep for model II were
somewhat different from that of model I since a value of one
is used for Z in the latter one, whereas, Z has a value of less
than or equal to one in the former one. This explains the
percent difference shown in Fig. 4. As the pressure level
increases, the compressibility factor deviates more from the
value of one (i.e., becomes smaller) and the use of an ideal-
gas equation of state results in lower densities than what would
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be predicted by a real-gas equation of state. Therefore, for
the same pressure and temperature boundary and initial con-
ditions the nominal Rep for model II is smaller than that of
model I, resulting in a smaller mass flow rate and smaller
amount of thermal energy input to the packed bed. It is rea-
sonable to observe that with model II it will take a longer
time for the reference point to reach a given temperature than
with model I, and this is the reason for the temperature of
the reference point predicted by model II to be lower than
that predicted by model I for any given real time. As the
pressure level increases, the compressibility effects become
more pronounced, resulting in a larger difference in the com-
puted temperatures from these two models (as can be clearly
seen in Fig. 4). The slight increase in the temperature differ-
ence as Rep increases is due to the same reason, since larger
Rep is obtained by increasing the inlet pressure and subse-
quently increasing the average pressure at which the Z value
is evaluated.

Finally, the difference between the solid and fluid phase
temperatures was examined for each model separately. The
qualitative and quantitative behavior observed in the findings
of each of these models were practically the same. Therefore,
the results are presented in Fig. 5 for model I only. The
relative difference between the solid and vapor phase tem-
peratures was computed by using Eq. (17) in which rModelI
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Fig. 4 Comparison of the results of model I vs model II.
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Fig. 5 Comparison of solid and vapor phase temperatures.

and rN1(Klclx were replaced by the vapor and solid phase tem-
peratures at the reference point , respectively. As may be seen
in this figure, the difference between the solid and f lu id phase
temperatures increases with Rcf). This is reasonable since as
Rcf) increases the flow speed increases and the thermal inter-
action time between the two phases decreases. The magnitude
of the difference between the solid and f luid phase temper-
atures justifies the use of separate energy equations for these
phases.

V. Conclusions
A mathematical model was developed for simulating energy

and momentum transport in a real-gas flow through a packed
bed, and a finite-difference method was used for solution.
The analysis performed showed that the effects of longi tudinal
thermal dispersion were minor for high Reynolds number
flows. As expected, compressibility effects were found to in-
crease with the increase in the operating pressure, and from
the investigation it can be concluded that for moderate-to-
high pressures a real-gas model for the working f luid would
increase the accuracy of the solution over an ideal-gas model.
The results also showed that for forced convective flows the
use of separate energy equations for the solid and vapor phases
definitely increases the accuracy in s imulat ing the temperature
distribution and energy storage in the packed bed.
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